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Document Change History

This printing, numbered as NASA/TM--2001-210957/REVI, September 2001, replaces the previous version,

NASA/TM--2001-210957, June 2001. It contains the following changes:

Page 4: Equation 3 was modified
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Page 4, paragraph 1: The following sentence was added after the first sentence:

( l = 21,, = 21o for a symmetric disk.)
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I. Introduction

The current environment for designing aircraft engine and engine-airframe structural

systems requires extensive levels of effort to prepare and integrate models, generate

analysis results and post process data. Additionally, the accuracy of the simulations is less

than desired, leading to less than optimal designs, costly testing and re-designs and most

important, uncertainties in factors of safety. One of the primary concerns of aircraft

structure designers is the accurate simulation of the blade-out event and the subsequent

windmilling of the engine. Reliable simulations of the blade-out event are required to

insure structural integrity during flight as well as to guarantee successful blade-out

certification testing. Simulation of windmilling which occurs after blade-out is critical to

insure that excessive vibration levels, which may damage the aircraft and endanger

passengers, are not experienced. In addition to blade-out and windmilling, structural

simulation tools are required to determine structural response during normal aircraft

operations and loadings resulting from flight maneuvers. The loads generated by these

analyses are critical to the design teams for several components of the airplane structures

including engine, nacelle, strut, and wing, as well as the aircraft fuselage.

Currently, a collection of simulation tools is used for aircraft structural design. Detailed

high fidelity simulation tools are used to capture the structural loads resulting from blade

loss, then these loads are used as input into an overall system model that includes

complete structural models of both the engines and the airframe. The detailed simulation

includes the time dependent trajectory of the lost blade and it's interactions with the

containment structure while the system simulation includes the lost blade loadings and

the interactions between the rotating turbomachinery and the remaining aircraft structural

components. General-purpose finite element structural analysis codes are typically used

and special provisions are made to include transient effects from the blade loss and

rotational effects resulting from the engine's turbomachinery. Figures 1 and 2 depict a

typical engine structural model and a detailed blade-fan case interaction model,

respectively.
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A unique characteristic of the blade out event is that the rotational speed of the

turbomachinery does not remain constant during the duration of the event. Instead, there

is a rapid deceleration where the rotor speed drops suddenly from the normal flight

operating rotational speed down to the windmilling speed. (The speed at which the engine

is shut down and not producing thrust but is freely rotating as a result of the forward

motion of the aircraft.) In severe cases the rotor may be damaged such that the rotor speed

drops even lower or more rapidly. Non-constant rotational speed provides a complication

to the simulation because in addition to the classical gyroscopic effects that arise from

constant rotation speed additional terms must be added to account for the non-constant

component of the rotor speed.

In addition to non-constant rotor speed, the blade out event may cause a large enough

mass unbalance to significantly alter the inertia properties of the rotor. For normal

rotordynamic analysis symmetric inertia properties are assumed. However, the resulting

inertia properties after a blade loss will not be symmetric since the blade loss normally is

localized at a particular rotor disk segment. Additional treatment in the equations of

motion is required to accommodate these effects. The purpose of this paper is to provide a

derivation of the non-constant rotor speed and non-symmetric inertia terms and to assess

their effects for a sample rotor using a finite element simulation.

II. The Derivation of the Equations of Motion of a Rotating Disk or Rotor Segment

Figure 3 shows the rotor disk or rotor segment used for the present formulation. The

primary interest in this paper is the transverse translational and rotational motions of the

rotor. To account for these motions, translational and rotational degrees of freedom are

established in the x, y and 0, a directions, respectively. Small lateral and angular

deflections are assumed except for the spin and rotor speed about the disk centerline,

which is allowed to be large. The axial displacement and spin is not included as degrees

of freedom but as described in the formulation, their effects are included in the transverse

motions. Once the equations of motion are determined for an individual rotor disk or

segment they are assembled to form a complete rotor model using conventional finite

element assembly techniques.

Since most analysts use finite element analysis tools for engine and engine-airframe

analysis it is desirable to provide a rotordynamic formulation that can be directly

implemented into existing finite element analysis codes. To meet this criterion the

equations of motion are derived in fixed (inertial) coordinates since most finite element

codes utilize fixed coordinates. The present formulation also assumes that the rotor model

can be adequately represented with a beam type model. This restriction requires that all

the finite element nodes be placed on the spin axis and that any off axis inertial properties
be transformed to the rotor centerline.
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The equations of motion in the translational degrees of freedom x, y can be derived in the

standard Newtonian way, or by the Lagrangian operation in the kinetic energy. For these

degrees of freedom, DOF's, the equations of motion are:

[7 ols  .,rc .MJ[_J LCy,: Cx_,J[,J [K:: K_J[y]={;:}
(1)

Where M, C, and K are the rotor segment's mass, damping and stiffness, respectively and

Fx and Fy are external forces. Note there is no inertial coupling with the pitch and yaw

rotational degrees of freedom. (There will be coupling between these DOF's from the

rotor's elastic properties and possibly from damping, tip rub or other mechanisms.) There

also are no rotational effects appearing in this equation.

In the case of a highly unbalanced or non-axisymmetric bladed disk, the equations of

motion must be modified to account for the mass eccentricity. For this situation, the

equation of motion is:

K2,J[y1

cos -[
'+ [_ln_ "2sin _ J

(2)

Where em is the mass eccentricity and _- is the specified rotor speed. The second and

third terms on the right hand side represent the forces from the rate of change in the rotor

speed and the centrifugal force, respectively. It is interesting to note that with a mass

eccentricity the rotational term, _-, appears in the translational equation of motion (last

two terms on r.h.s of (2)) whereas without eccentricity there are no rotational effects in

equation (2). It is also important to note that for non-constant rotor speeds the rotor speed

must be integrated over time to determine _'.

The equations of motion in the rotational degrees of freedom are derived somewhat

differently since the inclusion of spin effects complicates the derivation. For these

equations it is most convenient to use Euler angles then transform the resulting equations

to ground fixed finite element coordinates. Davis (Ref. l) has previously reported this

approach. Davis' equations contain nonlinearities of the 3 rd or 4 th order, which may be

neglected for practical engineering applications. Although the elastic and damping forces

may exhibit nonlinear behavior in gas turbine engines, the rotor kinetic terms are

normally linear. Using the Davis results verbatim and neglecting higher order terms the

rotational equation of motion for an axisymmetric rotor segment (without unbalance) is:
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Where I, is the mass moment of inertia about the spin axis of the balanced disk, and I,_

and Io are the moments of inertia about the a and 0 axis, respectively. (Ie = 2I,_ = 21o for

a symmetric disk.) The I_ terms correspond to the well-known gyroscopic terms while

the I_" terms correspond to the spooldown rate. The later term is skew-symmetric and

proportional to the displacements. This term appears similar in form to internal rotor

damping that has been shown to have a destabilizing effect on rotordynamic response

(Ref. 3).

Similar to the translational equations of motion, in the case of a highly unbalanced or

non-axisymmetric blade d disk, the inertia properties must also be corrected. An

unbalanced or non-symmetric bladed disk has two unequal transverse mass moments of

inertia about orthogonal principal axes. By considering the bladed disk non-axisymmetry,

as arising from an eccentricity, e, such as from blade loss, the pitch and yaw inertia is

defined as (See Chapter 7 of Ref. 4):

I,_ Ip+eZm __e:mcos2 _" (4a)
2 2

Io = lp + eZm e'-m cos 2_- (4b)
2 2

I_ = Ip + eZm (4c)

Where Ip is the mass moment of inertia about the spin axis with the unbalance mass

removed. When the disk is rotating, the transverse mass moments of inertia about the

ground based pitch and yaw axes (ct and 0) vary twice per revolution. This follows from

the definition of the transverse mass moments of inertia in the ground fixed reference

frame. For subsequent discussion in this paper the terms containing eem will be referred

to as the "parametric terms" since they correspond to the parametric excitation from the
mass unbalance.
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Replacingtheinertia termsin equation3 with the inertia'sin equation4 yields:
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IIl. Results

The above equations were programmed into a finite element code to perform simulations

and assess the effects of the various terms in the equations of motion. Figure 4 shows the

finite element model used for the subsequent simulations. The model consists of 5 beam

elements, 6 nodes and 36 degrees of freedom. Relatively rigid springs attach node 6 to

ground in both the translational and rotational directions. Although axial and torsional

degrees of freedom are included in the finite element model they are not used in the

present study. All of the rotational inertia ( Ip, I s, I o ) is concentrated in the disk at the

rotor tip. A 5% structural damping at 60 Hz was used. The present model is the same as

the model used by Boeing in Sample Problem One of their documentation for

rotordynamic analysis (Ref. 2). A good match was found when comparing the present

model with the Campbell diagram in the Boeing documentation.

Figure 5 shows the rotor spool down speed profile used for the transient simulations. This

speed profile is representative of the profile that a rotor may undergo as a result of a blade

loss event. The actual spooldown profile is continuous but is often approximated by a

series of discontinuous straight lines as shown in the figure. Up until time = 0.0, the rotor

is spinning at a constant rate, then at time = 0.0, a blade is released and the rotor begins to

shut down. Two different speed profiles were used for the simulations: a slower one

where it takes 1.0 second for the rotor to come to rest and a second profile where the rotor

comes to rest in 0.10 second. Both profiles were used to study the effect that spooldown

rate has on transient response.

NASA/TM--2001-210957/REV 1 5



Figures 6a and 6b show transient results for the two spooldown speed profiles. The only

loading on the rotor is from a mass unbalance located at the rotor disk. A total of 263,000

time steps of 4x10 -6 second were used to generate a time history of 1.0 seconds. The

unbalance mass was equal to 100. oz.-inches.

Figure 6a shows the radial tip displacement for three cases; 1) no gyroscopic terms

included, 2) gyroscopics included, and 3) all terms including spooldown rate terms

included. As shown in the figure, there is considerable difference between including and

not including the gyroscopic terms. The peak displacement without gyroscopics terms is

near 0.35 inch while with the gyroscopics terms the maximum radial displacement is 0.6

inch. The difference between results that include the spooldown rate terms and those that

do not are very minor indicating that the rate terms have little effect for this combination

of rotor characteristics and spooldown profile.

Figure 6b shows the rotor radial displacement for a 0.1 second spooldown. For this case

the spooldown rate terms are larger since the spooldown is faster and it was expected that

there would be a more significant difference between the transient result when neglecting

or including these terms. There is a more noticeable difference. The peak displacement

without the spooldown rate terms is 0.142 inch while without the terms it is 0.148 inch

(4% difference). While the spooldown rate term is more important for faster spooldowns,

the total effect of the rotating unbalance becomes smaller since the rotor is spinning for

less time. This effect is exhibited by the peak displacement for the 1.0 second spooldown

being 0.6 inch while for the 0.1 second spooldown the peak displacement is only 0.148
inch.

The transient results presented in the previous figures were generated by using a relatively

small mass unbalance (eZm = 0.2% of It,). A larger mass unbalance was used to examine

the effect that the magnitude of the mass unbalance has on the transient response. For the

results in figure 7 a mass unbalance, e2m, of .3945 in2-1bm was used. This unbalance is

equal to 5% of the polar inertia, lp. While the radial tip displacement is larger due to the

larger unbalance there is no significant difference between the results when the

spooldown rate terms are included. Furthermore, there is no significant difference when

the parametric terms are included, either.

Figures 8a and 8b show the translational and rotational forces, respectively, at the rotor

disk resulting from the unbalance. The forces were generated for a spooldown speed of

0.10 seconds. As expected, the translational force is dominated by the _-20n term in the

translational equation of motion. The translational force resulting from the spooldown

rate term is much smaller and is 90 ° out of phase of the _- 2era term. There is a small

discontinuity in both force profiles at 0.02 seconds due to the change in slope of the rotor

speed profile. During the early part of the transient, the parametric force is of similar

magnitude to the spooldown rate force but is of the opposite sign, thus the two forces tend
to counteract each other.
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Themomentsshownin figure 8balsofollow theexpectedtrend.Thegyroscopicmoment
is the largestof themomentsandthespooldownandparametricmomentsaremuch
smaller.Themomentresultingfrom thespooldowntermis, similarly to thetransitional
force,90°out of phasewith thegyroscopicforce.Themomentresultingfrom the
parametrictermis at twice thefrequencyof theothertwo moments.During half thetime
theparametricmomentcontributesto thegyroscopicmomentandduring theotherhalf it
offsetsthegyroscopicmoment.

Figure9 showstheradial tip displacementfor a0.10secondspooldownandamass
unbalance,eem, of .3945 in2-1bm. With the larger mass unbalance and the faster

spooldown speed it was expected that the spooldown rate terms and the parametric terms

would have a larger effect on the displacements thus showing a larger difference than

when these terms are not included, Although there is some difference in the radial

displacements, the displacements are for the most part very similar regardless of whether

these terms are included or not. The difference in the peak displacement is about 3% (3.6

inch vs. 3.5 inch).

Figure 10 shows the steady state displacement amplitude at the rotor disk resulting from a

constant unbalance load. Three sets of data were computed: without inclusion of the

spooldown rate terms, with a spooldown rate of 1.0 second and with a spooldown rate of

0.10 seconds. Generating these curves with a spooldown rate is somewhat fictitious since

it is physically impossible to have a spooldown simultaneously with a steady state

unbalance excitation. However, it is informative to perform this analysis because it

provides insight into the effect of the spooldown terms on the dynamic characteristics of

the rotor. As shown in the figure, the slower spooldown (1.0 seconds) had little effect on

the response while the faster spooldown rate (0.10 seconds) had more of an effect on the

steady state amplitude. It was expected that the spooldown effect would alter the RPM

where the peak amplitude occurs but this effect was not observed with the two spooldown
rates studied.

Figure 11 shows the effect that the parametric excitation terms have on the steady state

displacement amplitude. Performing a transient simulation at a constant rotational speed

generated the results presented in this figure. A mass unbalance, e2m, of .3945 in2-1bm

was applied at time 0.0, After a period of time the initial transient resulting from the

sudden unbalance dissipated and the displacements reached a steady state amplitude. The

steady state displacement was recorded and a new transient analysis was performed at a

new rotational speed. As shown in the figure, the parametric term has a very significant

effect on the rotor response. Not only is there a change in the peak amplitude but there

also is a shift in the location of the critical speed. Without the parametric terms, the peak

amplitude is 33 inch and the critical speed is 2950 RPM while with the parametric terms

the peak amplitude is 43 inch and the critical speed is 2825 RPM. It was expected that the

critical speed would be lower with the parametric terms included since mass is added to

the rotor from the rotor unbalance. In a real application the mass unbalance would be

subtracted from the rotor and the critical speeds would be higher. These results are very

important, because after a blade loss the rotor continues to rotate at a steady windmilling
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rotational speed and the disk where the blade loss occurred is in fact unbalanced leading

to a parametric excitation. Neglecting this term may lead to very large under predictions

of the rotor response. It is particularly important that the mass unbalance be included in

the acceleration terms and probably less important that they be included in the velocity

and displacement coefficient matrices.

IV. Summary

The present study provides the equations of motion for rotordynamic response including

the effect of spooldown speed and rotor unbalance and examines the effects of these

terms on a sample cantilevered rotor. The results of this study, although obtained for a

simple rotor, may be extrapolated to more complex rotors and complete engine-airframe

systems. The effect of spoo|down speed is found to be greater with increasing spooldown

rate. However, at faster spooldown rates, the duration of the excitation is shorter and the

rotor has less time to respond thus generating overall reduced responses in comparison to

slower spooldown rates. In fact it was difficult to identify loading combinations with the

present sample problem where the spooldown effect had a significant effect. The

spooldown rate terms appear in the equations of motion similarly to internal rotor

damping but do not induce the same instabilities as internal damping since the spooldown

effect is transient and of a short enough duration to not enable instabilities to develop.

The parametric term resulting from the mass unbalance has a more significant effect on

the rotordynamic response than does the spooldown term. The parametric term affects

both the peak amplitudes as well as the resonant frequencies of the rotor. The effect is

more pronounced for larger mass unbalances.
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Figure 2: Detailed Blade-Fan Case Interaction Model
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